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Fluids present us with some of the most vivid and most easily studied physical pro-
cesses. What we learn here will carry over into most of the other fields such as elec-
tricity, heat, chemical substances, and motion.

The image upon which models of fluid processes are based has two major aspects.
One, dynamical fluid phenomena are the result of storage and flow of quantities of
fluid, and two, pressure differences are the driving forces of these processes.
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Equilibration of fluid levels.

 

 If we fill two tanks to different levels with oil or water,
and if we connect them through a hose at the bottom (Fig. 1.1), we observe that the
level which is higher decreases, while the one that is lower increases. This happens
as long as the levels are different. The process runs fast at the beginning and then
slows down. This happens no matter how big—or how wide—the tanks are, or what
shape they have.

 

Interpretation

 

. Liquids are stored in tanks, and they can flow from tank to tank. For
the liquid to flow, level differences are needed. We say that a level difference drives
the flow of liquid. When the level difference is high (as at the beginning), the flow
is high. Inflow and outflow of liquids lead to changes of the quantities stored in the
tanks. A strong net flow will lead to a fast change of the quantity stored.

 

Equilibrating pressures.

 

 If oil is filled in one of two communicating tanks, and water
in the other, levels will be different after equilibration has taken place (Fig. 1.2). In
another experiment, two balloons are connected by a hose having a valve (Fig. 1.2).
Both balloons are filled with air, one to a high pressure, the other to a somewhat

Figure 1.1:  Two tanks containing rape seed oil are connected by a hose at the bottom, the liquid flows from the one having the higher fluid 
level to the one having a lower level (this is independent of the size of the tanks; levels equilibrate, not quantities of liquid). Right: Data for the 
levels of rape seed oil. 
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lower one. When the valve is opened, air flows from the balloon having the higher
air pressure into the other one.

 

Interpretation

 

. Nature does not equilibrate levels nor volumes but the pressure of
fluids. This is seen when pressure gauges at the bottoms of the tanks in Fig. 1.1 are
used. The same result is obtained if different liquids are filled into the tanks as in
the U-pipe of Fig. 1.2, or if the pressure of air in communicating balloons is mea-
sured (Fig. 1.2, diagram on the right). Consequently, we can interpret the pressure
difference in the communicating containers as the driving force for flows.

 

Gravity and pressure differences.

 

 If we fill water or another liquid into a tank and
measure the pressure of the fluid at the bottom, we notice that this value increases
as we add more and more of the fluid. Observation demonstrates that the pressure
increases linearly with depth. This finding is independent of the size and shape of
the container. In fact, we would measure precisely the same linear relation between
pressure and depth in a lake, in a narrow tank, or even in the ocean! (See Fig. 1.3.)

The slope of the straight pressure–depth relation does depend upon the density of
the liquid, however. In water it increases by 1 bar every 10 meters (1 bar = 10

 

5

 

 Pas-
cals). In a typical vegetable oil this would be reduced to about 0.9 bar for a 10 meter
column. It would be 13.6 bar for 10 meters of mercury. 

Figure 1.2:  With oil on top of water in the right column of the U-pipe, the levels of the liquids are not the same after equilibration. The 
effect is observed as well if the two tanks have different cross sections and/or different shapes. When air is allowed to flow freely between 
two communicating balloons, neither volumes nor levels are the same after equilibration. As the diagram on the right shows, the pressure 
of the air in the balloons equilibrates. The upper curve in the diagram belongs to the smaller balloon (surprisingly!).
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Figure 1.3:  Pressure versus depth in water in tanks of different cross sections (diagram at center). The slope of the linear fit is close to 
10,000 SI units. The pressure difference measured from the surface as a function of depth in different liquids (right). The linear fits have 
different slopes (higher density yields steeper slope). 
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In the Earth’s atmosphere, the pressure decreases upward, just as in a lake, but the
pressure-height relation is not linear (Fig. 1.4). The pressure at sea level changes by
about 0.001 bar every 10 meters, and it changes less quickly at higher altitudes.

 

Interpretation

 

. Fluids press down upon layers below them as a result of their
weight. That explains why denser fluids have a steeper pressure gradient. (A gradi-
ent measures how quickly a quantity changes in a certain direction. So it is a kind
of “spatial rate of change.”) Apparently, the pressure gradient in a fluid due to grav-
ity is proportional to the density of the fluid (Fig. 1.3). In Fig. 1.4 we see that the
density of the air in the atmosphere decreases with height above the ground.

Experience shows that the pressure-height relations in fluids at rest do not depend
upon the form or size of the containers or the horizontal extend of the fluid (see
Fig. 1.3, center).The pressure gradient for a fluid is the same in a narrow tank and
in a wide one. We conclude that pressure has to be the same in a liquid at a given
height since there is no horizontal flow.

 

Mercury and water barometers and pressure sensors.

 

 A barometer is a pressure
sensor measuring the pressure of the air in the atmosphere. In 1643, Evangelista
Torricelli first built a water barometer that needed a pipe having a height of some
10 meters. Using mercury, he could build the barometer much shorter, less than 1
meter (Fig. 1.5).

A barometer is built as follows. A liquid such as water or mercury is filled into a
thin tube closed at one end. The tube is inverted and placed into a bowl containing
the same liquid. In the case of mercury, the column of liquid drops to a height of
about 75 cm above the level in the bowl, leaving an empty space above. Instead of
a pipe stuck in a bowl, we can also use a bent pipe (Fig. 1.5, right) with the short
leg open to the ambient air.

 

Interpretation

 

. Fluids at rest in the gravitational field at the surface of the Earth have
the same pressure at the same height. Therefore, the pressure of the mercury (or wa-
ter) at the surface of the open bowl or in the open leg of the U-pipe must be the same
as the pressure of the liquid at the same height in the closed pipe. The latter is equal
to the pressure of the column of liquid in the pipe. Since mercury has a density close
to 14 time that of water, the mercury column in the barometer is 14 times shorter
than that in an equivalent water barometer. The height of mercury columns is used
to define a pressure scale in millimeters of mercury column (mmHg).

Columns of liquids in vertical pipes can be used as simple pressure gauges. Take a
horizontal pipe through which water is flowing as in Fig. 1.6. If we mount an open
vertical pipe onto the horizontal pipe, and if the water rises to a certain level in the
vertical pressure gauge, we can use the level of water as an indication of the pres-
sure of the water below (relative to air pressure).

 

Pressure differences in hydraulic circuits.

 

 Consider water in a tank having a long
horizontal pipe for an outlet (Fig. 1.6). The hydraulic circuit goes from the top of
the water in the tank (Point A), through the water in the tank (Points B and C),
through the horizontal pipe from C to G, and finally back through the air to point A.
The pressure of the liquid can be determined at points above which a water column
is established (Points B, D, E and F) and at A and G (equal to air pressure 

 

p

 

a

 

, which
is equal to 97900 Pa for the time the data was taken; see Fig. 1.6, right).

 

Interpretation

 

. Pressure can be interpreted as the hydraulic level quantity. Pressures
along a path can be viewed as levels in a landscape, going up and down. When we

Figure 1.4:  Pressure as a function of height in the at-
mosphere. Values correspond to the so-called stan-
dard atmosphere. In reality, conditions change with 
time and place.
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Figure 1.5:  A barometer from the time of Torricelli 
(from the book Saggi di naturali… of the experi-
menters of the Accademia del Cimento in Flo-
rence, 1667). Right: A modern version of a mercury 
barometer built as a U-pipe with one leg open to 
the surrounding air.
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walk along a closed path, we return to the same level. This means that all level dif-
ferences add up to zero along a closed path. Pressure goes up when we go down in
the liquid in the tank. It goes down in the pipe as a consequence of fluid flow fric-
tion. The drop from B to C is a consequence of the speed change of the liquid going
from the wide tank to the narrow pipe.

 

Figure 1.6:  

 

Water is flowing out of a large tank through a long, horizontal pipe. This is an example 
of a hydraulic circuit leading from A through B, C, …, to G, and back through the air to A. Different 
water levels allow for the pressure of the fluid to be measured along this circuit. Pressure of the liq-
uid in the system at different points along a circuit, plotted as a function of position. Note the drop 
from B to C.

 

1. Why does the phenomenon shown in Fig. 1.1 show that levels of liquids rather than quantities
of liquids equilibrate in communicating tanks?

2. Describe and explain the phenomenon shown in Fig. 1.1, i.e., create a word model of the system
and the processes it undergoes. What concepts and ideas are used in the description and expla-
nation.

3. Why does the photograph of the U-pipe with water and oil (Fig. 1.2) demonstrate that fluid pres-
sures rather than levels of liquids equilibrate in communicating tanks?

4. If you take the phenomenon of equilibration in balloons as in Fig. 1.2, what does this demon-
strate about the driving force for the flow of air?

5. Determine the ratios of the slopes of the straight lines in the diagrams in Fig. 1.3. Do the ratios
agree with the ratios of the densities of water, olive oil, glycerine, and alcohol? What would the
slope be for mercury?

6. Why is the pressure-altitude relation for the air in our atmosphere (Fig. 1.4) not linear? What
does the slope of this relation at the beginning tell us about the density of air at sea level?

7. Why can we tell that there must be a pressure difference in the system in Fig. 1.6 between points
B and C?

8. What is considered to be the cause of the pressure drop in the long horizontal pipe in Fig. 1.6?

 

What is the pressure difference along the pipe if the fluid does not flow (if the pipe is plugged)?

 

Flows and pressure differences.

 

 When a fluid flows steadily through a pipe, we ob-
serve that its pressure drops in the direction of flow. The stronger the current, the
bigger the drop. The relation between the resistive pressure drop (called the 

 

resis-
tive pressure difference

 

) and the associated volume current is called the 

 

flow char-
acteristic

 

 or 

 

resistive characteristic

 

 (Fig. 1.7). It allows us to calculate flows if we
know the associated pressure difference, or vice-versa.
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The resistive flow characteristic is linear for highly viscous fluids such as oils (see
Fig. 1.7, left). Water flowing through a pipe typically leads to a nonlinear charac-
teristic (Fig. 1.7, right). It is found that linear characteristics are associated with

 

laminar flows

 

 whereas the nonlinear type is the result of 

 

turbulent flow

 

.

 

Interpretation

 

. Fluids are viscous. Therefore, they have to be pushed through a hor-
izontal pipe to keep flowing at a certain rate. This means that the pressure must be
higher upstream, and lower downstream.

 

Pumps and pressure differences.

 

 Pumps set up pressure differences, and fluid flows
pass through them. The relation between pump pressure difference and current of
liquid is called the 

 

pump characteristic

 

 (Fig. 1.8). This is how continuous flow
pumps are represented. Intermittently working pumps, such as the heart, may be
represented by an appropriate pressure-volume characteristic.

 

Interpretation

 

. A simple model of a pump is one in which the pressure difference
across the pump is constant. Real pumps commonly have a more complicated type
of characteristic (Fig. 1.8). The pressure difference is lower when the flows are
stronger because of increasing effects of flow resistance. Put differently, a part of
the pressure difference set up by the pump is needed to force the fluid through the
pump. As a result, the fluid exits at a lower pressure than otherwise expected.

 

The heart as an intermittent pump.

 

 Certain pumps work intermittently. They take up
a quantity of liquid, increase its pressure, and emit the quantity. Then they repeat
these steps. The process is represented in a pressure-volume diagram for the quan-
tity of liquid in the pump (see Fig. 1.9 for the human heart).

 

Figure 1.9:  

 

Blood pressure in left ventricle of human heart as a function of time (top left), volume 
of blood in left ventricle as a function of time (bottom left), and the phase plot of pressure versus 
volume (right). The phase plot combines two quantities which are functions of time in a single di-
agram (time is not explicitly visible any longer).
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Figure 1.7:  Flow characteristics for laminar flow (oil 
in a pipe, left) and for turbulent flow (water in a 
pipe, right). IV is the symbol for volume current.
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Figure 1.8:  Example of a pump characteristic. In 
the simplest case of constant pressure difference in-
dependent of the flow, the characteristic curve 
would be a horizontal line. Pressure is given as the 
height through which water can be pumped.
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Interpretation

 

. The 

 

pV

 

-diagram of the blood in the left ventricle of the heart should
be read in the direction the trajectory or path is traversed—here it is counterclock-
wise (Fig. 1.9). We start at the lower left corner of the almost rectangular trajectory
in the phase diagram. Here, the left ventricle only contains the minimum volume of
blood (called the dead volume) at very low pressure close to ambient pressure in the
body. From there, the volume increases—there must be an inflow from the left atri-
um that receives blood from the lungs. During this filling process, the pressure of
the blood remains at an almost constant low value which means that the muscle of
the heart is relaxed.

When the filling is done, the valve between the atrium and the ventricle closes. Now
the pressure of the blood in the ventricle increases at constant volume—meaning
the heart contracts and there is no blood flow. At some point, as the heart is still con-
tracting, the valve to the aorta opens and blood is forced out of the ventricle. The
pressure first still increases before it decreases somewhat. When the dead volume
is reached, the flow of blood stops (the valve closes) and the heart relaxes. As a re-
sult, the pressure of the constant volume of blood decreases to the value we started
with.

The 

 

pV

 

-phase plot shows the functioning of this pump much more clearly than vol-
ume and pressure separately as functions of time (Fig. 1.9). We can easily read the
so-called stroke volume from the graph as the difference between the right and left
vertical lines showing pressure changes at constant volumes. Moreover, as we will
understand later (Chapter 2 and the chapter on energy), the area enclosed by the
path in the 

 

pV

 

-diagram represents the energy of the pumping heart delivered to the
flowing fluid.

 

Fluid containers and pressure differences.

 

 When fluids (liquids and gases) are filled
into tanks, the pressure is higher if there is more of the fluid in the tank. We know
this from air balloons, from the open tanks seen above, from medicine, and many
other examples. 

An important medical example is the eye. High pressure is detrimental, so it is im-
portant to understand the effects of changes of the volume of liquid in the eye. The
pressure rises with volume in a manner similar to what we can expect for pressure
vessels such as balloons or the kinds used in engineering (Fig. 1.10). The pressure
rises more steeply for larger volumes. The relation between fluid pressure and vol-
ume stored is called the 

 

capacitive characteristic

 

 of the storage element.

 

Interpretation

 

. In the case of an open tank (or a lake or the ocean), the added weight
of the added fluid leads to a rising pressure. In pressure vessels (membrane accu-
mulators used in hydraulic systems, the eye, the skull with a brain, the aorta of the
blood circulatory system), the elastic container wall is stressed more strongly if
there is more fluid in the storage element. Moreover, typical walls get stiffer when
stressed more strongly which explains the steeper rise of the pressure with increas-
ing volume.

Rubber balloons are an exception to the rule that the pressure rises with increasing
volume. Rubber has an unexpected property: At small volumes, the pressure indeed
rises with increasing volume. However, there is a range of volumes when the pres-
sure drops with increasing volume before rising again (Fig. 1.11).

 

Compressibility of fluids and the pressure-volume relation of air.

 

 Liquids and gases
can be compressed by increasing the pressure. As we know from experience, this

Figure 1.10:  Pressure in the living human eye as a 
function of added volume of liquid. Note the non-
standard units. The slope of the p-V relation is called 
the elastance of the eye (diagram on the right). The 
diagram is called the capacitive characteristic.
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Figure 1.11:  Qualitative sketch of the pressure-vol-
ume relation of a typical toy rubber balloon.
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effect is very small for liquids but quite noticeable for gases. In fact, we will often
treat liquids as incompressible, but we cannot ignore the compressibility of gases.

When a quantity of gas such as air is enclosed in a chamber whose volume is slowly
decreased, the pressure of the gas rises. We know from the operation of bicycle
pumps that the compressed air can get quite hot. To remove the effect of still anoth-
er quantity, i.e., temperature, we change the volume slowly enough for the temper-
ature to stay constant. 

The pressure of air rises in a simple manner with decreasing volume if the temper-
ature is kept constant. The result of one such measurement is shown in Fig. 1.12.
The data seem to trace a hyperbola, and indeed this function fits data well for simple
gases at relatively low pressures and high enough temperatures (which is to say at
relatively low densities).

Interpretation. The effect of the rise of pressure with decreasing volume is inter-
preted as the result of the elasticity of the material. We know, for example, that we
have to increase the pressure on a metal spring to compress it more strongly. 

9. Consider the type of flow characteristic found for oil flowing in a pipe as in Fig. 1.7 (in the left
diagram). What do you expect the characteristic curve to be for a pipe twice as long as the one
used in the experiment? What do you think the characteristic curve should be if the pipe has a
larger radius?

10. Sketch a characteristic diagram of an ideal (continuous flow) pump.

11. Investigate the operation of the heart of a human and sketch the pressure-volume diagram of
blood in the left of right ventricle of such a heart.

12. What does the pressure-volume relation of a cylindrical tank with a liquid stored in it look like?
What is the relation for a cylindrical tank with a smaller diameter than that of the first tank?

13. Imagine a spherical tank for liquids. The tank is open to the air. What would be the pressure-
volume characteristic diagram of this storage device?

14. The aorta of a human (or of a mammal, for that matter) is an elastic storage device for blood.
Sketch a pressure-volume relation for blood in the aorta. How does the relation of an older per-
son compare to that of a younger one?

15. Use the qualitative sketch of the pressure-volume relation of a toy balloon (Fig. 1.11) to explain
why the air can flow from a less inflated balloon to a more inflated one. (Remember that we
would normally assume the more inflated balloon to have the higher pressure.) Is it possible for
the air to go from the more inflated one to the less inflated one?

Charging and discharging single tanks. A straight-walled tank is filled with oil. The
oil drains through a horizontal pipe fitted at the bottom of the tank. We observe how
the level of oil decreases as a function of time (Fig. 1.13, diagram at center). The
measured values closely fit an exponentially decaying function of time.

If a pump is fitted to the end of the pipe, the tank can be filled with oil instead. If
the pump sets up a constant pressure difference (irrespective of the magnitude of the
flow), the filling curves are exponentials again (Fig. 1.13, diagram at right).

Interpretation. The outflow is driven by the pressure difference across the pipe
which is equal to the pressure difference across the tank. Since the latter is propor-
tional to the level of oil, and since the flow (which is laminar) is proportional to the
pressure difference, the flow is proportional to the level. The flow defines the rate

Figure 1.12:  Pressure versus volume of a quantity of 
air. Pressure and volume were recorded for con-
stant temperature of the air.
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of change of oil in the tank. So, in summary, the rate of change of the level of oil is
proportional to the level of oil. This leads to the functions observed.

Changing flow speeds. When a fluid enters a region where it flows faster than in
the region it comes from, its pressure drops. When its enters a region where it flows
more slowly, the pressure rises. Changing flow speeds are the result of narrowing
or widening of the channel through which the fluid flows.

Interpretation. Consider water flowing from a wide tank into a thin pipe, or blood
flowing from the heart into the aorta. The same flow must pass through a narrower
conduit than before. Liquids are incompressible, so they must speed up.

To make a fluid speed up from one point to another along its path, it must be pushed
from behind (like we have to push bodies so they speed up). So the pressure is high-
er where the fluid comes from. In the case of a decrease of flow speed, the pressure
is lower from where the fluid comes.

Flow through chains of tanks. Five relatively narrow tanks are connected at their
bottoms by hoses. The first is tank filled to a high level, the second and all the others
are basically empty at start. When the pipes are opened, water begins to flow from
left to right (Fig. 1.14), and the levels change as seen in the graph. This is an exam-
ple of a substance travelling through storage elements as it occurs in diffusion (see
Chapter 4).

Figure 1.13:  A straight-walled tank filled with oil is discharged through a horizontal pipe at the bottom (center diagram) or 
charged with the help of a pump (diagram on the right). The measured levels closely fit exponential functions of time.
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Figure 1.14:  A chain of tanks filled with water. Water stands at different levels at first (the four tanks on the right are vir-
tually empty at first). When the pipes are opened, water levels change with time.
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Interpretation. For water to flow from tank to tank, there must be appropriate pres-
sure differences across the pipes. High pressure differences let the levels in neigh-
boring tanks change fast. Since the tanks on the right have the same initial levels,
their levels do not rise initially. It takes a while for them to rise as well. All the levels
tend to equilibrate. Toward the end, the flows have become small and the processes
run slowly.

16. Describe the process of draining of a tank such as the one in Fig. 1.13. Produce a word model
for the process.

17. Consider the diagram of discharging of an oil tank shown in the middle of Fig. 1.13. What
would be the curve showing discharging of a tank that has twice the cross section? What would
the curve be for a pipe having half the length?

18. Why don’t the levels in the tanks on the right in Fig. 1.14 change right from the beginning?

1.2 QUANTITIES AND MATHEMATICAL OPERATIONS

We need three primitive system and process quantities to describe and explain hy-
draulic phenomena. One is for amounts of fluids stored in systems, the second for
flows, and the last is for the pressure at a point of a fluid. On the basis of these, re-
lated ones are defined by mathematical procedures. Properties of systems and ele-
ments—such as resistance and capacitance—are introduced together with special
laws found to hold for the particular system (see Section 1.6).

1.2.1 Primitives

Primitives are terms or quantities that cannot be defined on the basis of other quan-
tities. They are fundamental and are taken from everyday notions and mental imag-
es of what we see happening around us. 

Quantity of fluid stored. There are three possible measures of amounts of fluids
stored in systems: Volume, mass, and amount of substance. The volume of liquids
is chosen to measure their amount. In processes, the volume of a liquid stored is a
function of time (Fig. 1.15). The unit of volume is m3. We use the symbol V to de-
note the volume of a fluid stored in a system. Mass and amount of substance are re-
lated to volume:

(1.1)

m is its mass measured in kg, ρ is the density (in kg/m3), and n stands for amount of
substance (unit: mole). M0 is the molar mass of the substance. 

Volume current. The volume current (or volume flux, or simply flow) describes the
flow of a fluid through pipes or other channels. The current allows us to calculate
how much fluid is transported in a given period of time. The unit of volume current
is m3/s. We use the symbol IV to denote a flow of fluid, i.e., a volume current. In
processes, the flow is a function of time (Fig. 1.16).

QUESTIONS

V

t

Figure 1.15:  Volume as a function of time. Note how 
it changes: changes may be positive or negative, 
slow or fast.

m V n
M

m= =ρ ,
1

0

Figure 1.16:  Volume currents as a functions of time. 
Currents can change slowly or quickly, they can be 
positive or negative.
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Pressure. The pressure measures the state of the fluid which is directly responsible
for hydraulic processes. Its unit is Pa (Pascal), the symbol used is p. 105 Pa equals
one bar (1 bar). The pressure at the bottom of a 10 m high column of water here on
Earth is about 1 bar. So is the average air pressure at sea level.

19. Assume the tank used in the process shown in Fig. 1.13 to have a cross section of 0.50 m2. Con-
vert the diagram (in the middle) to one showing the volume of liquid as a function of time. 

20. Determine the amount of substance of 1 m3 of water.

21. Sketch a current that is constant at first, and then decreases at a constant rate.

22. Describe the current shown in the diagram on the right in Fig. 1.16. 

1.2.2 Derived quantities

Change of volume. The change of volume over a period of time is defined as the
difference between the later and the earlier values:

(1.2)

The change of volumes can be read from graphs (on the vertical axis) and from ta-
bles, or it can be calculated from formal representations of the functions.

Rate of change of volume. The rate of change of volume describes how fast the vol-
ume stored changes (Fig. 1.17). Symbols are dV/dt or V with a dot above it (pro-
nounced V-dot). The unit of rate of change is m3/s. The rate of change is determined
graphically from the slope of tangents at points of the curve in the volume-time di-
agram.

Transported volume. If we know a volume current as a function of time (Fig. 1.16),
we can determine the volume of fluid transported or exchanged with this flow
(Fig. 1.18, symbol Ve). Graphically, the transported volume corresponds to areas
between the function IV(t) and the time axis for an interval of time from, say, t1 to
t2. The mathematical operation is called integration of the current over time:

(1.3)

In system dynamics tools, this computation is performed automatically if one rep-
resents the current by a flow symbol connected to a storage element (Fig. 1.18,
right). The storage element obtains the integrated quantity. Integration can be per-
formed graphically by hand or numerically in spread sheets using the operations of
multiplication and addition only.

QUESTIONS

∆V V V1 2 2 1→ = −

Figure 1.17:  Determining the rate of change of vol-
ume by calculating the slope of tangents to the V(t) 
curve. The symbol V with the dot above it denotes 
the rate of change of V.

V̇
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V I t dtV
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e = ( )∫
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t∆t t

IV IV

t1

t2
Ve

Ve

Transported
volume

Volume current

Figure 1.18:  The volume transported with a volume 
current is determined by calculating the area be-
tween the IV(t) curve and the t-axis. The same oper-
ation in a system dynamics model (right).
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From rate of change of volume to volume. If the rate of change of volume stored in
a system is known, we can calculate the change of the volume resulting during a
period of time (Fig. 1.19). As in the case of the computation of transported or ex-
changed quantities (as a consequence of a flow), the mathematical procedure is that
of integration, in this case of the rate of change of volume over time:

(1.4)

If we also know the initial value of the volume, we can calculate the volume as a
function of time (Fig. 1.20). This can be done graphically or numerically (in a
spread sheet, or with the help of a system dynamics tool).

Figure 1.20:  The volume is found from the rate of change of the volume and the initial value of the 
volume by (numerical) integration. Right: Integrator in Stella.

Pressure difference. The pressure difference is the difference of pressures in a fluid
at two different points A and B, independent of the physical reasons for the pressure
difference. Usually, it is defined as downstream value minus upstream value, or
simply later minus earlier in a chosen direction:

(1.5)

23. The volume of water in a tank increases quickly from 10 liters (Point 1) to 20 liters (Point 2).
Then it decreases slowly to 15 liters (Point 3). What is the change of volume from Point 1 to
Point 2? From 2 to 3? From 1 to 3?

24. The volume of water in a tank changes linearly from 20 liters to 12 liters in 10 s. What is the
rate of change of volume at time 5 s? What is the average rate of change for the entire period?

25. Are there points where the rate of change of volume is equal to zero for the volume sketched in
Fig. 1.17? If so, what is the property of those points?

26. A current of liquid is constant. Write the equation for the volume transported with this current
for a chosen interval of time ∆t.

27. A current of water changes linearly from 10 liters/s to 4 liters/s in 20 s. How much water has
been transported during these 20 s?

28. The rate of change of volume of a liquid in a container equals – 2.5 m3/s. By how much does
the volume change in 2 minutes?

29. Explain the procedure for calculating the volume of liquid in a tank from its rate of change.
What other information is needed to perform this calculation?

Figure 1.19:  Changes of volume calculated from 
the rate of change.
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1.3 SYSTEMS ANALYSIS I: LAWS OF BALANCE

A part of systems analysis consists of a number of fairly well defined steps which
lead to an overview of the processes occurring in a system, and to the formulation
of the laws of balance associated with systems and processes.

1. Draw a situation sketch. Create a sketch of the system to be investigated, and its
environment. The sketch should be half realistic, and can contain information about
the sizing of the system and its parts (Fig. 1.21). 

2. Choose systems or elements. Choose one or several systems, subsystems, or el-
ements. A system is either an identifiable body or a region of space (in the latter
case it is called a control volume). Here we choose two control volumes containing
the tanks in Fig. 1.22. Generally, there is more than one way of choosing elements.
(The word system is used differently here than in systems science.)

3. Choose quantities to be accounted for. In hydraulics, the quantities to be ac-
counted for are amounts of fluid (volumes). 

4. Cut systems or elements out of environment and identify processes. Draw ab-
stract representations of the systems chosen (such as the dashed rectangles in
Fig. 1.22). Identify all the flows since these represent the processes (to find them,
ask why there are processes and “walk around” the system to find inputs and out-
puts). Draw an arrow for each flow with respect to its system. Label the arrows. En-
ter the stored quantities (Fig. 1.22). (Step 4 is called creating free body diagrams.)

5. Formulate laws of balance. For each of the subsystems and for each of the stored
quantities, a law of balance is formulated (normally in dynamical or instantaneous
form). A law of balance relates all processes to how fast the system content changes:

(1.6)

If the laws are to be formulated for a certain period, the equations are written in in-
tegrated form that relates changes of stored quantities to all transported or ex-
changed amounts:

(1.7)

In system dynamics diagrams, laws of balance in their instantaneous forms can be
represented graphically by combinations of storage and flow symbols (Fig. 1.23).

6. Formulate interaction rule. In our example, there is a single interaction: The flow
out of Tank 1 equals the flow entering Tank 2 (see Fig. 1.23):

Figure 1.21:  A situation sketch is part realistic, part 
abstract. It shows the system in its environment and 
may contain details concerning system sizes, etc.
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Tank 2

Pipe 1

Pipe 2

Pipe 3

IV1

IV4

IV2 IV3

V1

V2

Figure 1.22:  A “free body diagram” for two sub-
systems. Processes and stored quantities are identi-
fied for each subsystem.
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Figure 1.23:  Representation of laws of balance in 
system dynamics diagrams. The thin arrow denotes 
the interaction rule (action and reaction).
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(1.8)

30. A tank has neither inlets nor outlets for water. Express both the instantaneous and the integrated
forms of the law of balance of volume of water for this tank.

31. There is an inflow of liquid to a tank. At the same time, liquid is flowing out. The outflow is
equal in magnitude to the inflow. What is the law of balance of volume for this situation?

32. A pipe is branching. What is the relation between the three currents related to the junction? How
does this junction rule follow from the law of balance of volume in Equ. 1.6?

33. Why is it important to clearly identify the systems or elements for which a law of balance is to
be written? Explain what can go wrong if this is not done carefully.

34. During a period, 100 liters of water flowed out of a tank. At the same time, 20 liters flowed in
through a pipe. During the same period, the volume of water changed by + 30 liters. Explain
how this is possible.

35. Explain the meaning of the interaction rule.

36. If there are three tanks exchanging a liquid, how many times does the interaction rule apply?

37. What happens to the law of interaction formulated in Fig. 1.23 if the two tanks are treated as a
single element?

1.4 SYSTEMS ANALYSIS II: PRESSURE AND PRESSURE DIFFERENCES

Pressure takes the role of the hydraulic level. Pressure differences are level differ-
ences which we consider to be the causes for hydraulic processes. Alternatively, we
may look at processes leading to pressure differences.

Pressure differences in closed hydraulic circuits. The pressure changes from point
to point in a closed hydraulic circuit. To make use of this observation, choose a few
important points in the system (usually at the inlets and outlets of elements such as
pipes, pumps, and tanks). Label pressure differences from point to point (Fig. 1.24)
by introducing arrows and symbols ∆pAB, etc.

We can draw a diagram looking like a “landscape” (Fig. 1.24). When we are back
at the origin, the pressure is the same. Therefore, the sum of all pressure differences
in a closed circuit must be equal to zero (loop rule, Kirchhoff’s Second Law):

(1.9)

Pressure differences and processes. Pressure differences are associated with many
different types of processes and systems (see Section 1.6):

• fluids stored in pressure vessels

• fluids stored in tanks, height differences

• pumps and turbines

• flow resistance

• differences of flow speed (at different points along a streamline, because 
of changes of cross sections)

• changing flows (changes in time will be discussed in a later chapter).

I IV V1 2= −

QUESTIONS
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Figure 1.24:  Pressures in a fluid system form a kind of 
“pressure landscape” or “hydraulic landscape” 
which shows ups and downs.
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Processes in an element. Consider elements which are between two chosen points
in Fig. 1.24 (example: pump and pipe from point A to point C, Fig. 1.25). Identify
all possible processes occurring in this element. Each of the processes shares a part
of the pressure difference ∆pAC:

(1.10)

38. Trace the pressure of a water in the following system. Water is taken from a lake at a certain
depth. It is pumped through a horizontal pipe on land by a first pump. After a certain distance,
a second pump is used, and the water is pumped into a lake higher up on a hill.

39. Oil is pumped around in a hydraulic circuit having a pump, an engine, and some pipes. If the
pressure difference across the engine is 2.0 bar, what is the pressure difference across the pump?

40. Take a point in time when the blood leaving the left ventricle of a heart has a pressure of 130
mmHg. The pressure difference across the arteries and smaller vessels through the body is 70
mmHg. Before the right ventricle, the pressure of the blood is 20 mmHg. How is this possible?

41. Oil flows through a pipe leading upward. What processes lead to the pressure difference across
the pipe in the direction of flow? What is the sign of the pressure change in the direction of flow?

1.5 FLUID PROPERTIES

There are a few fluid properties that must be taken into account when explaining
phenomena such as storage or flow. The properties important to us at this point are
density, viscosity, and compressibility.

1.5.1 Density

Density was already introduced in Equ. 1.1 as the factor relating mass and volume.
Since mass is taken as the source of the phenomenon of gravity, and since gravity
plays a role in the vertical pressure profile in fluids in a gravitational field (Fig. 1.3
to Fig. 1.6), density is—among other things—related to pressure differences in
stored fluids or in fluids flowing up or down in pipes (Section 1.6.5).

1.5.2 Viscosity

Viscosity is the property of fluids that leads to flow resistance. It is quite clear that
the tank in Fig. 1.13 drains more quickly if the oil is less viscous, and more slowly
if the liquid is more viscous. Castor oil, for example, is much more viscous than ol-
ive oil, and olive oil is much more viscous than water. Therefore, viscosity critically

∆ ∆ ∆p p pAC process process= + +…1 2

∆pAC C

A

∆pprocess 1

∆pprocess 2

∆pprocess 3

Figure 1.25:  A “free body diagram” of a subsystem 
for identifying pressure differences. The pressure dif-
ference from A to C is shared by several processes.

QUESTIONS



1.5  FLUID PROPERTIES

INTRODUCTION AND OVERVIEW 15

influences the type of flow. Water flowing out of the tank in Fig. 1.13 would exhibit
turbulent flow whereas the flow of oil through the same pipe under similar condi-
tions would be laminar.

Viscosity is said to be the cause of fluid friction between layers of fluid that move
past each other (this is called shear stress). Consider oil between two horizontal
plates (Fig. 1.26). If the upper plate is pulled to the right, the layers of oil move at
different speeds. The oil sticks to the surfaces of the plates, so the oil speed is high-
est at the top (equal to the speed of the upper plate) and zero at the bottom.

The quantity of motion (momentum) imparted to the upper plate leaves this plate
(otherwise it would speed up continually) and flows down through the layers of oil
to the lower plate. The quantity of momentum flowing through the oil every second
and per square meter (jp, unit: Pa) depends upon the gradient of speed in the y di-
rection (dv/dy):

(1.11)

The factor relating the transport of momentum and the gradient of speed depends
upon how viscous the oil is, and is called the viscosity (η).

1.5.3 Compressibility and the pressure-volume relation for air

Fluids are compressible, meaning their volume changes if the pressure is increased
(normally, the volume decreases). In general, the compressibility of liquids is
low—so we typically assume them to be incompressible. Gases, however, show
marked compressibility (see Fig. 1.27). 

The compressibility of a fluid is defined as the relative change of volume divided
by the change of pressure causing the change of volume:

(1.12)

The term dV/dp is the inverse of the slope of the tangent to the pV-relation in the
pV-diagram (Fig. 1.27). One has to add some more information to the definition
such as whether or not the temperature of the fluid was kept constant during com-
pression (which was the case for the data in Fig. 1.27), or if other conditions applied
(such as no heating or cooling; this will be studied in Chapter 3).

For air and other gases at low pressures and high (constant) temperatures, the pV-
relation is a simple hyperbola, meaning that the product of pressure and volume is
constant

(1.13)

if T = const. (T is the temperature). This means that the compressibility of air is
equal to 1/p. Air becomes harder to compress if it is already compressed.

The constant relating pressure and volume of air at constant temperature depends
upon temperature and upon the quantity of the gas used in the experiment. The
former property will be explored in Chapter 3. The latter can be made clear quite
easily. Double the quantity of air will take double the volume at given pressure (and

j
d

dyp = η
v

Figure 1.26:  Viscosity is the factor relating sheer 
stress in a fluid (jp) and the gradient of speed per-
pendicular to the motion of fluid layers (dv/dy). The 
photographs at the top show bubbles in oil that is 
moving as the result of the motion of the upper 
plate.
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temperature), and double the quantity will double the pressure at fixed volume:

(1.14)

n is the amount of substance of the gas, and the factor c depends upon the temper-
ature of the fluid.

1.6 CONSTITUTIVE LAWS: STORAGE, PUMPS, AND FLOW

Constitutive laws, or special laws, are relations that depend upon the types of ele-
ments and fluids used in a system, and upon circumstances. In contrast to the laws
of balance or the loop rule, they are not general. They describe the peculiarities of
processes and objects. Much of the work in physics goes into constructing useful
constitutive laws.

There are constitutive laws covering all different types of processes. In particular,
there is at least one special law for each particular pressure difference occurring in
a system.

1.6.1 Storage of fluids

Storage elements are responsible for the dynamics found in (hydraulic) systems.
They work by providing a relation between amounts of stored fluid and the pressure
difference set up across them. Storage elements are pressure vessels (such as dia-
phragm accumulators, the heart, the skull with the brain, etc.) or containers that
“stack” fluids in the gravitational field.

Capacitive characteristic. If fluids are stored in tanks or pressure vessels, the pres-
sure difference increases with increasing amount of stored fluid. In other words,
there is a relation between the volume stored and the associated pressure difference
(which we call a capacitive pressure difference ∆pC). The relation is called a capac-
itive characteristic (Fig. 1.28). Examples are shown in Fig. 1.29.

Elastance and hydraulic capacitance. The characteristic can be expressed mathe-
matically if we introduce the elastance αV, i.e., the factor which tells us how easy it
is to increase the pressure with a given amount of fluid:

pV cn=

V

p

p

αV

Figure 1.28:  Pressure as a function of stored volume 
(top). The slope of the characteristic curve is called 
the elastance αV of the storage element. Typically, 
the elastance is a function of pressure.

Figure 1.29:  Different containers have different ca-
pacitive characteristics. The hydraulic capacitance 
of an open container is proportional to the (vari-
able) cross section.
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(1.15)

αV is equal to the slope of a tangent to the characteristic curve (Fig. 1.28). This
means that the elastance measures the stiffness of container walls (in the case of
pressure vessels) or the inverse of the cross section of a tank. The unit of elastance
is Pa/m3.

Alternatively, we can introduce the hydraulic capacitance CV (units m3/Pa) which is
defined as the inverse of the elastance (CV = 1/αV):

(1.16)

For a liquid of density ρ in an open container the capacitance is

(1.17)

Equ. 1.16 suggests a way to determine volume changes from pressure changes if the
capacitance is known (as a function of pressure). For constant capacitance, we sim-
ply multiply the pressure difference by the capacitance. Geometrically, this corre-
sponds to the calculation of the area of a rectangle. This tells us that in general the
change of volume associated with a change of pressure is equal to the area between
the capacitance – pressure function and the pressure axis (Fig. 1.30).

If rubber is used for a vessel—such as in a toy balloon—the pV-characteristic is
much more complex than what we discussed here, indicating that we have to be
careful with the definition of a capacitance or elastance. For the part of the charac-
teristic curve in Fig. 1.11 where the pressure drops with increasing volume, the usu-
al definition leads to a negative capacitance which does not make much sense. In
such cases, one should directly work with the pV-characteristic rather than intro-
duce the elastance or capacitance.

42. For a given situation of oil between two plates (Fig. 1.26), how strongly does one have to pull
if one wants to move the upper plate twice as fast? Compare this relation to the flow character-
istic of oil through a pipe (Fig. 1.7).

43. What happens to the pressure of a fixed quantity of air if its volume is reduced to half the initial
value (at constant temperature)?
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Figure 1.30:  The change of volume related to a 
change of pressure is obtained from integrating the 
capacitance over pressure (left). This can be inter-
preted more intuitively by considering the diagram 
as a type of tank with a fluid contained in it (center 
and right).

QUESTIONS
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44. Describe the everyday experience that tells us that the compressibility of air decreases with in-
creasing pressure.

45. Why is the second characteristic relation shown in Fig. 1.29 linear?

46. Why do the first and the last of the containers shown in Fig. 1.29 have capacitive characteristic
curves that rise more steeply for bigger volumes of liquids stored?

47. Explain the meaning of elastance and hydraulic capacitance.

48. Sketch the capacitive characteristic relations for two cylindrical tanks, one having a large cross
section, the other having a small cross section.

49. What happens to the capacitance of the human aorta as a person gets older?

50. Explain how to calculate the change of volume for a container having a nonlinear characteristic
relation.

1.6.2 Pumps

Pumps come in many different types and forms, ranging from the heart to mi-
croengineered or large industrial pumps. Here we are only interested in their overall
performance.

Process diagram. Pumps make fluids flow, and they increase their pressure. This
simple fact is best represented in a process diagram of the type shown in Fig. 1.31.
Process diagrams represent a system (or an element of a system) and show what
happens with the basic quantities (here: volume current and pressure) used to de-
scribe a hydraulic process. The process is depicted as a kind of inverse water fall.

Pump characteristics. Pumps set up pressure differences, and fluid flows pass
through them. Therefore, we define their operation by describing the relation be-
tween these quantities. A simple model of a continuous flow pump is one in which
the pressure difference ∆pP is constant. Real pumps commonly have a more com-
plicated type of characteristic which also depends upon the efficiency (Fig. 1.8).
Pressure-volume diagrams are used to represent the operation of intermittently act-
ing pumps such as the heart (see Fig. 1.9).

The process diagram used to describe the operation of a pump can be used to intro-
duce the notion of the energy delivered to the fluid by the pump (Chapter 2).

1.6.3 Resistive fluid flow

When fluids flow through pipes, their pressure drops in the direction of flow be-
cause of fluid friction. This pressure drop is called a resistive pressure difference
∆pR, and it is characteristic of the flow which, in turn, depends upon fluid properties
and pipe dimensions.
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p1

SYSTEM (Pump)

Electric pump

p1 p2

SYSTEM

Wires Pipes
Figure 1.31:  As a fluid is forced through a pump, its 
pressure is made to go up. Figuratively speaking, the 
fluid current is forced uphill.
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Process diagram. Since the fluid goes from high to low pressure (different from
what it does in a pump; Fig. 1.31), we say that it is a driving process. We know that
in resistive flow, the process caused by the flow of fluid consists of the production
of heat (Fig. 1.32).

Flow characteristic. The relation between the resistive pressure drop ∆pR and the as-
sociated volume current is called the flow characteristic (Fig. 1.7). It allows us to
calculate flows if we know the associated pressure difference, or vice-versa. There
are two types of flow (laminar and turbulent) leading to two different characteristic
curves.

Types of flow and flow speed. There are two types of flow: laminar and turbulent.
Usually, turbulence sets in when a combination of flow speed, fluid viscosity, den-
sity, and pipe dimensions called the Reynolds number reaches a critical value. The
Reynolds number is defined by Re = ρvD/η. In the case of a pipe, D denotes the
diameter. η and ρ are the viscosity and the density of the fluid, respectively. In
smooth circular pipes, the transition from laminar to turbulent flow occurs at Re =
2300 or below.

The fluid speed is related to the volume flux and the cross section A of the conduit:

(1.18)

Laminar Flow. For laminar flow, the characteristic relation is linear. In this case, we
can write the flow law with the help of a hydraulic conductance GV (units m3/(s·Pa))
or its inverse, the hydraulic resistance RV (units Pa·s/m3):

(1.19)

There is an expression for the hydraulic conductance or resistance for laminar flow
in pipes with circular cross section which is called the law of Hagen and Poiseuille:

(1.20)

r and l are the radius and length of the pipe, η is the viscosity of the fluid. The vis-
cosity of a fluid tells us how “thick” it is. 

Turbulent flow. In turbulent flow, the flow increases less rapidly with an increase of
the associated pressure difference (diagram on the right of Fig. 1.7). The turbulent
characteristic function is close to the square root function for many practical cases.
Therefore:
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Figure 1.32:  Process diagram of resistive fluid flow. 
The flow element may be called a resistor. Here, the 
driving process is the flow. The driven process con-
sists of the production of heat. Right: Waterfall rep-
resentation.
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(1.21)

This simple relation suffices as a first approximation. k is called the turbulent flow
factor. This factor is similar to a conductance, however, the terms resistance and
conductance are only used for laminar flow.

1.6.4 Changing fluid speed

When fluids flow through channels having varying cross sections, the flow speed
changes from point to point along a flow line (Fig. 1.33). There is a pressure differ-
ence (called the Bernoulli pressure difference) associated with this change (the
pressure decreases if the flow speed increases):

(1.22)

Speed increases if the fluid presses harder from behind than from the front.

51. What does the process diagram of a pump depict? Compare it to the process diagram of resistive
flow of a fluid through a pipe.

52. Consider the pump characteristic in Fig. 1.8. How high can this device pump water if the flow
is to be maintained at 4 liters/s?

53. We wish to pump water some 40 meters high. Consider pumps whose characteristic is shown
in Fig. 1.8. What could you do to achieve your aim? How big could the flow of water be made?

54. Water is to be pumped through a horizontal pipe with the help of a pump whose characteristic
looks like the one shown in Fig. 1.8. The flow of water through the particular pipe has a char-
acteristic relation like the one seen in Fig. 1.7 (on the right). How can you use the characteristics
to graphically determine the magnitude of the current of water established by the pump?

55. How could you use oil flow through a horizontal pipe to determine the viscosity of the oil?

56. By how much does a turbulent flow change when you double the pressure difference?

57. Is the pressure change in Equ. 1.22 a temporal change or a spatial change?

58. Explain why there should be a pressure difference associated with the situation represented in
Fig. 1.33. What is the process associated with the pressure change?

59. When blood flows out of the left ventricle of the heart into the aorta, does its pressure change
only because of flow resistance?

1.6.5 Gravity and height differences

Hydrostatic pressure. For fluids which are “stacked” in a gravitational field, i.e.,
systems where the weight of the fluid is responsible for a pressure difference, there
is a simple relation between pressure difference and height difference (Fig. 1.34). It
can be derived from the observations in Fig. 1.3 which are summarized in Fig. 1.35:

(1.23)

This relation can be used to calculate pressure differences (and capacitive charac-
teristics) for fluid tanks (Fig. 1.29). It is correct for constant density only.

I k pV R= ∆

Figure 1.33:  A tank and pipe viewed from above. 
The fluid enters a small cross section from the wide 
cross section of the tank.
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Figure 1.34:  Going uphill in a fluid “stacked” in the 
gravitational field, the pressure decreases.
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Pressure gradients. According to the example of hydrostatic pressure in an incom-
pressible liquid (Equ. 1.23), the pressure gradient in the upward direction is

(1.24)

As observed in Fig. 1.3, the pressure gradient is proportional to the density of the
liquid (see also Fig. 1.35). Furthermore, it must depend upon the strength of gravity
(g). The negative sign tells us that the pressure decreases if we go upward.

Pressure in the Earth’s atmosphere. The pressure-height relation for the atmosphere
is not linear (Fig. 1.4). This is so since the fluid is a gas whose density changes with
pressure (and temperature). Nevertheless, the expression for the vertical pressure
gradient is the same as that for incompressible fluids, i.e., Equ. 1.24 still holds.

If we know how the density of the air depends upon pressure and temperature, the
relation for hydrostatic equilibrium (Equ. 1.24) can be solved. Even though this is
not realistic, one often considers the case of an isothermal atmosphere (an atmo-
sphere where the temperature does not change in the vertical direction). If this is the
case, the density is proportional to the pressure (see Equ. 1.13 and Chapter 3) lead-
ing to an exponential pressure-height relation:

(1.25)

For the Earth’s atmosphere, the factor k is about 7000 m. This means that the pres-
sure decreases by a factor of e every 7000 m, or by a factor of 2 every 5000 m. Even
though our atmosphere is not isothermal, the result is not too bad and useful for
quick estimates.

The gravitational potential. Pressure differences are interpreted as hydraulic driving
forces, pressures are hydraulic “levels.” For fluids stacked in the gravitational field,
vertical pressure differences are the result of gravity. They are calculated according
to Equ. 1.23 or Equ. 1.24. If we multiply the pressure difference by the volume of
a certain quantity of liquid which we imagine to be transported from a height h1 to
a height h2 (Fig. 1.36), we have ∆pV = ρg∆hV = g∆hρV = g∆hm:

(1.26)

This result is interpreted as follows (Fig. 1.36). If we look at gravitational processes
as the transfer of the mass of a substance from a level 1 to a level 2, the right hand
side of Equ. 1.26 represents mass m going from a gravitational level gh1 to a level
gh2. Therefore, g∆h is interpreted as the gravitational driving force, and gh is the
so-called gravitational potential.

60. What is the pressure difference of water at rest inside a very long pipe (10 km) between the two
ends. One of the ends is 10 m higher than the other end.

61. The pressure of the air in the atmosphere 5 km up is one-half that at the surface. How much high-
er do you have to go for the pressure to decrease by another factor of two?

62. What is the meaning of gravitational potential?
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1.7 DYNAMICAL MODELS AND SYSTEM BEHAVIOR

Causal physical models are answers to the question “why:” Why is a system in a
certain state? Why do processes run a certain way? A complete model of systems
and processes is simply a combination of all relations—laws of balance and consti-
tutive laws we have collected so far—necessary for a particular example. The pur-
pose of a model is to determine quantities describing a situation at a moment, or to
predict the outcome of processes.

1.7.1 Dynamical models

Dynamical models combine laws of balance with the appropriate constitutive laws.
They are created by a combination of steps described above in Section 1.3 (Systems
analysis I: Laws of balance) and Section 1.4 (Systems analysis II: Pressure and
pressure differences), with the particular laws for special processes found in Section
1.6 (Constitutive laws).

If the model describes a dynamical situation, it may be expressed with the help of a
system dynamics tool. A system dynamics diagram represents the necessary laws
of balance and constitutive laws (Fig. 1.37). Laws of balance are “drawn” graphi-
cally by combinations of stocks and flows.

1.7.2 Analytical solutions

Systems made up of containers and pipes show relatively simple behavior. Com-
plex behavior is commonly the result of the interaction of several simple elements.
For the simplest systems—those having constant values of capacitance and resis-
tance—analytic solutions of the model equations can be obtained. In the case of
draining straight-walled tanks through horizontal pipes with laminar flow we get

(1.27)

If an empty tank is charged, the solution of the model is

(1.28)

We have observed this function before. The formal solutions found here correspond
to the curves seen in Fig. 1.13. Equ. 1.27 and Equ. 1.28 also hold for h(t) and V(t).

1.7.3 Time constants

The behavior (fluid level as a function of time) for the simple cases of draining and
filling of a tanks is shown in the accompanying graphs (Fig. 1.38). The solutions of
the model are exponential functions. A measure of how fast (or slow) the process
is, is the time it would take for the tank to drain or to fill were the level to continue
to change at the initial rate. This time is called the capacitive time constant τC of the
system. In one time constant, the level of fluid in the system shown on the left in
Fig. 1.38 drops to 1/e = 0.37 times the initial level. The analytic solutions in Equ.
1.27 and Equ. 1.28 demonstrate that
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Figure 1.37:  A system dynamics model diagram for 
a system of two fluid tanks (stocks) and several pipes 
(flows). It is assumed that the fluid is oil and that the 
Bernoulli effect has been neglected.
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(1.29)

1.7.4 A windkessel model

A windkessel – pump system (Fig. 1.39, left) is basically a container with an input
driven by a pump and an outflow through a hose. If the pump works intermittently,
i.e., if the driving force is variable, the output is smoothed or dampened. Its vari-
ability is reduced relative to the variability of the input. There is a valve between
the pump and the container to prevent the liquid to flow back into the pump. Such
a windkessel-model is used to represent the functioning of heat and aorta. Histori-
cally, windkessel pumps were developed for fire fighting.

In this activity we will use a dynamical model to investigate the behavior of the sys-
tem (Fig. 1.39) if the pressure of the pump is constant during a short period of a cy-
cle, and zero for the rest of the cycle. This is repeated once every cycle. In
particular, we want to find out about the pressure of the liquid in the container.

A system dynamics model starts with a representation of the law of balance of vol-
ume for the tank: a stock with an inflow and an outflow. The flows depend upon the
associated pressure differences, whereas the pressure of the liquid at the bottom of

τC V VR C=

Pump

t

h

Cτt

h

Cτ

Figure 1.38:  Draining or filling of straight walled 
tanks through pipes showing laminar flow leads to 
exponentially changing functions. The initial rate of 
change is used to define the time constant of the 
system.

Figure 1.39:  Windkessel model with pressure differences (left). System dynamics diagram of model (center) and 
equations (right). Note that the driving pressure of the pump has been expressed by a square wave function to 
obtain the result shown in Fig. 1.40.
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the tank is calculated with the help of the capacitive relation of the container. The
pump is modeled by the pressure it sets up as a function of time (Fig. 1.40), and the
valve is represented by an if…then…else construct for the flow from the pump to
the tank.

The response of the system to the action of the pump is demonstrated by the pres-
sure of the liquid in the tank, here shown as the curve in Fig. 1.40 that oscillates be-
tween a high and a lower value (between 0.9 bar and 0.5 bar). This, by the way,
explains the phenomenon of blood pressure measured in the aorta of a person or an
animal which changes between systolic and diastolic values.

Note that, for times when the pump is turned off, the pressure function is a decaying
exponential (the flows in the model have been taken to be laminar). If the pump re-
mained turned off after some time, the tank would drain according to the rules we
have seen at work before (Fig. 1.38). We can use Fig. 1.40 to determine the time
constant of the system (made up of the tank and the long pipe leading away from it)
which is 1.0 s. Knowing that the time constant must be equal to the product of re-
sistance and capacitance, one of these values may be obtained if the other one is
known.

63. In what sense can we say that a model such as the one in Fig. 1.37 explains a system?

64. Explain the meaning of the structure of stocks (rectangles) and flows (thick arrows) in the sys-
tem dynamics diagram of Fig. 1.37. Why are there three flows connected to the stock V2?

65. In Fig. 1.37, why are p1 and p2 connected to the quantity labeled IV1?

66. To what percentage of the final level does the level on the right in the diagram of Fig. 1.38 rise
in one time constant?

67. Consider a system of two communicating tanks with oil as in Fig. 1.1. How can you use the di-
agram there to graphically determine the time constant of the system? What is your estimate of
this time constant?
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Figure 1.40:  Response of the windkessel (oscillating 
pressure of the fluid in the tank with values between 
0.5 bar and 0.9 bar) to the forcing function of the 
pump (square wave).

QUESTIONS



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


